Evidence for three dimensional superconductivity in the cuprates oxides 
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We review the empirical scenario emerging from the measured doping dependence of the transition 
temperature and the anisotropy parameter 7 = £ a i,/£ c , defined as the ratio of the correlation lengths 
parallel and perpendicular to the ab-planes. It suggests that two dimensional models cannot explain 
the occurrence of superconductivity in the cuprates. This conclusion is confirmed and extended in 
terms of a novel scaling relation. It involves the transition temperature, the aerial superfluid density 
in the ground state, 7 and the dynamic critical exponent of the quantum superconductor to insulator 
transition. The important implication there is that a non vanishing superfluid density in the ground 
state of the cuprates is unalterably linked to an anisotropic but 3D condensation mechanism. 



It has been a long-standing question wether two di- 
mensional (2D) models alone can describe and explain 
the essential experimental observations of superconduc- 
tivity in cuprates oxides. On the one hand models of the 
C11O2 plane alone, such as the t-J or Hubbard model, 
have been successful in explaining properties of the un- 
doped insulator, including the renormalization of charge 
dynamics and the occurrence of a spin gap HQ. 
Moreover, given the crystal structures of the supercon- 
ducting cuprates oxides, it is to be expected that the 
physical properties of single crystals will show a high 
degree of anisotropy. This is indeed the case; by way 
of example the ratio p c /p a b between the out-of-plane p c 
and in-plane p a \, resistivity is very large jEj . On the other 
hand, serious questions can be raised. The first is the ob- 
servation that when the ground state is a superconductor 
both components of resistivity drop to zero at the same 
temperature T c , so that the phase transition has genuine 
3D character ||[|. The second emerges from the em- 
pirical phase diagram of La2-a;Sr x Cu04 |7|-|l5[] and the 
doping dependence of the anisotropy parameter 7, de- 
picted in Fig.Q. It shows that after passing the so called 
underdoped limit, at x u ~ 0.05, where the quantum insu- 
lator to superconductor (QSI) transition occurs [|lG] p0[ , 
T c rises and reaches a maximum value T™ at x m « 0.16. 
With further increase of x, T c decreases and finally van- 
ishes in the overdoped limit x « 0.27. Here the system 
undergoes a quantum superconductor to normal state 
(QSN) transition. From Fig.[j] it is also seen that de- 
creasing dopant concentration is also accompanied by a 
raise of anisotropy. In tetragonal cuprates it is defined 
as the ratio 7 = £ a b/£,c, of the correlation lengths parallel 
and perpendicular to the ab-planes. Although the funda- 
mental reason for the anisotropy increase is not clear, it 
reveals a 3D-2D crossover with reduced dopant concen- 
tration. Note that the limit 7 — > 00 implies 2D critical 
behavior. The observation that in the underdoped regime 
T c falls with increasing anisotropy 7 (see Figjl]) suggests 
that superconductivity in the cuprates is inevitable a 3D 
phenomenon. 
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FIG. 1. T c (0) an d 7t c (•) versus x for L&2-X Sr^CuCU 
J?! — - The dashed curve corresponds to the empirical re- 
lation (|l|) with T™ = 39 K, while the solid one is given by 
Eqs.(^) and (|^) with a,T al = 5909 K. The open squares follow 
from Eq.(^) and the measured 7t c , while the open triangles 
result from Eq.(H) and the experimental data for 7t=o- 



This letter addresses these issues by providing experi- 
mental and theoretical evidence that a non vanishing su- 
perfluid density in the ground state of the cuprates oxides 
is unalterably linked to an anisotropic but 3D condensa- 
tion mechanism. We review the scenario emerging from 
the experimental data for the doping dependence of T c 
and anisotropy 7. It suggests that two dimensional mod- 
els cannot explain the occurrence of superconductivity in 
the cuprates. This conclusion is confirmed and extended 
in terms of a new scaling relation. It involves T Cl the 
aerial superfluid density in the ground state, 7 and the 
dynamic critical exponent of the 2D-QSI transition. The 
important implication there is that a non vanishing su- 
perfluid density in the ground state of the cuprates is 
unalterably linked to an anisotropic but 3D condensa- 
tion mechanism. This finding clearly reveals that two 
dimensional models cannot explain the occurrence of su- 
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perconductivity in these materials. 

A generic property of cuprate superconductors is the 
existence of a phase transition line, T c (x), separating the 
superconducting from the normal conducting phase, as 
well as the so-called underdoped and overdoped regimes. 
This behavior is thought to be universal for cuprate su- 
perconductors pl] |. A glance to Fig.|l] reveals that it is 
very well described by the empirical relation 



T c (x) = T™(1 + 82.6(x - 0.16) 2 ), 



(1) 



due to Presland et al. |22|. In practice, there 
are only a few compounds, including La 2 _ x Sr ;r Cu04, 
HgBa 2 Cu0 4+ x @,H and Bi 2 Sr 2 Cu0 6+;r |§, for which 
the dopant concentration x can be varied continuously 
throughout the entire doping range. In other cuprates, 
including Bi 2 Sr 2 CaCu 2 8+2; @], YBaaCuaO^ § and 
Yi_ x Pra;Ba 2 Cu307_5 p7| , only the underdoped and op- 
timally doped regimes appear to be accessible. 



the anisotropy parameter 7 t c , evaluated close to T c , in- 
creases as the dopant concentration is reduced and ap- 
pears to diverge in the underdoped limit. This doping de- 
pendence of 7t c , also observed in HgBa 2 Cu04 + 5 |m| and 
YBa 2 Cu307_2; is thought to be generic and uncovers 
the 3D-2D crossover, tuned by reducing the dopant con- 
centration x. Consequently, the doping does not control 
T c only, but the dimensional crossover, not included in 
2D- models, as well. Since T c tends to zero while 7t c ap- 
pears to diverge in the underdoped limit, it is instructive 
to consider the doping dependence of T c jt c and T c jt=o- 
A glance to Figs.|^ and || makes it clear that these quan- 
tities scale nearly linearly with the relative distance from 
the overdoped limit, x — x. The straight lines correspond 
to 



and 



T c j T =Q = a T =a,-y(x - x), 



(2) 



(3) 
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FIG. 2. Tc7t c versus dopant concentration x for 
La2-xSr :E Cu04 (O)i taken from Fig.jj], and HgBa2Cu04 + ^ 
(□) § with x derived from Eq.(§). The solid and dashed 
lines corresponds to Eq.(Q) with xq = 0.27, ar c7 = 5909 K 
for I^-rrSr^CuC^ and aj c7 = 28830 K for HgBa2Cu04+5. 

Another essential property in this context is the 
anisotropy parameter 7. In tetragonal cuprates it is 
defined by 7 = £ Q &/£c, because £ a = = £ afc- In 
the normal state, where 7 = £ a b/£c = y p a b / Pc , it can 
be inferred from resistivity and magnetic torque 

[pTstl measurements. In the superconducting state, where 
7 = £,ab/£,c = A c /A a f, holds, it follows from magnetic 
torque [jl5],|4j and penetration depth data [^9],[30) . X a b 
and A c are the London penetration depth due to super- 
currents flowing parallel and perpendicular to the ab- 
planes, respectively. In a mean-held treatment of the 
Ginzburg-Landau Hamiltonian 7 can also be expressed in 
terms of the effective masses M a f, and M c for the motion 
of the pairs parallel and perpendicular to the ab-planes 
as 7 = y/M c /M a b. As shown in Fig.^jfor La 2 _ a ,Sr a; Cu04, 



respectively. To check the consistency of the empirical 
relations (|l|), (0) and (J3J) we included in Fig. [I] the T c val- 
ues, resulting from Eqs.(|^) and (|^), and the experimental 
data for 7. Moreover, we included 7 t c (x), expressed in 
terms of Eqs.dlh and fl§). 
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FIG. 3. T c "/t=o versus dopant concentration x for 
L^-xSr^CuCU (O)) taken from from the penetration depth 
data ||,|o) in terms of -y T =o = A c (T = 0) /X ab (T = 0). 
The solid line corresponds to Eq.(^) with xo = 0.27 and 
a Tc7 = 4220 K . 

Close to both, the QSI and the QSN transition, the 
empirical relation (Q) for T c implies the power law be- 
havior 



T c = 2T c "V82^|x-x U)0 |, 



(4) 



and with the empirical doping dependence of T c jt c 
(Eq.(||)) and T c j T =o (Eq.@) the expressions: 
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7t c 



aT cn (xo - x) 



7t=o 



0^=0,7(^0 ~ x) 
2T^VWLQ{x- x u ) 

(5) 



Their divergence in the underdoped limit (x = x u ) im- 
plies a 2D-QSI transition and for any x u < x < xo , where 
jt c an d 7t=o are finite, a superconducting state with 
anisotropic but genuine 3D character. Consequently, the 
available experimental data for the doping dependence of 
T c , 7t=o and 7t c strongly suggest that two dimensional 
models cannot explain the occurrence of superconduc- 
tivity in the cuprates. Despite this, the vast majority of 
theoretical models focus on single Cu-0 plane, i.e., on the 
limit of zero intracell and intercell c-axis coupling. 

Next we confirm and extend this empirical scenario by 
invoking the scaling theory of quantum critical phenom- 
ena. This theory predicts that close to the QSI and QSN 
transition T c (x) scales as [Rll|l7],|3l]] 



T c (x) = a QSITc (x-x u ) 



ZQSIUQSI 



and 



T c (x) = a QSNTc (xq - x) 



ZQSNVQSN 



(6) 



(7) 



respectively, z is the dynamic critical exponent, V the 
exponent of the correlation lengths £ (T = 0) cx 5~ v , 
a>QSi and ciqsn denote nonuniversal critical amplitudes. 
Moreover, supposing that the QSI transition occurs in 
2D, T c and the zero temperature in-plane penetration 
depth X a b{T = 0) are not independent but in the limit 
x — x u — > related by the universal relation |ll|p"7|{-sl[ 



T c X 2 ab (T = 0) 



1 

W 2 



(8) 



where Q 2 is a universal number. Here the bulk supercon- 
ductor corresponds to a stack of independent supercon- 
ducting slabs of thickness d s . Experimentally, this rela- 
tion is well confirmed for various families of underdoped 
cuprates in terms of the empirical Uemura plot |l6|,[l7],|32| . 
On the other hand, at finite temperature there is along 
the 3D phase transition line T c (x) the universal relation 
PPL 



b.O 



167T 3 7t c A^ 



(9) 
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£a& o an( l ^ab,o are the finite temperature critical ampli- 
tudes of in-plane correlation length for T < T c and pene- 
tration depth, respectively. Matching with the quantum 
behavior (g) and (JsJ) requires that the finite tempera- 
ture critical amplitudes scale as, £~ b Q oc £ a b {T — 0) cx 

(x-x u )-^ S! and A^p a A a - fc 2 (0) cx (x - x u ) zqsiVqsi . 
Substitution into Eq.(H) leads to the remarkable result 
that close to the 2D-QSI transition jt c diverges as 



7t c oc 



Xu) 



-UQSI 



(10) 



On the other hand, approaching the 2D-QSI transition 
at T — along the doping axis, the singular part of 
the ground state energy density scales in 3D as p6 31 

E 3 S D = Th {UUcV 1 = R3^T=o_(^e ab y\ while in 2D, 
E 2D — R 2 (Cr^ab^s) applies. R3 and R2 are universal 
numbers and £ r oc (x — x u )~ zl> is the temporal correla- 
tion length having units of energy. The 3D-2D crossover 
requires that both expressions give close to the QSI tran- 
sition the same doping dependence. This yields 



7T=o = RsU/ (Rids) <x(x- x u y" QSI 



(11) 



in agreement with Eq.(|lC|). Accordingly, given a 2D-QSI 
transition we confirmed the divergence of 7t c and 7t=o 
, emerging from the empirical scenario ( Eq.(@)). More- 
over, comparing Eqs.(|^)-(|6|), ( fl0| ) and ( pT| ) this scenario 
also suggests a 2D-QSI transition with critical exponents 
z qsi = 1 and Vqsi = 1. Although the experimental data 
are rather sparse close to this transition, there is mount- 
ing evidence for zqsi ~ 1 and Vqsi ~ 1 p6 p0[. These 
estimates are close to theoretical predictions [ 33| , |34| , from 
which zqsi = 1 is expected for a disordered bosonic sys- 
tem with long-range Coulomb interactions independent 
of dimensionality and Vqsi > 1 ~ 1.03 in D=2. They 
are also consistent with Monte Carlo calculations on the 
dirty-boson Hamiltonian, yielding Vqsi = 0.9 ± 0.15 
f35j , as well as with experiments on the 2-QSI transi- 
tion in thin (InO, Bi, MoGe) films, where Vqsi clus- 
ters around Vqsi — 1.2 ± 0.2 |}6] [58|. In this transition, 
the loss of phase coherence is due to the localization of 
the pairs which is ultimately responsible for the transi- 
tion. As the 3D-QSN transition is concerned, the esti- 
mate for zqsnVqsn , inferred from the empirical rela- 
tion is 1. This value is consistent with the disordered 
d-wave superconductor to normal state transition consid- 
ered by Herbut f||], with zqsnVqsn ~ 1, z QS n = 2 and 
Vqsn ~ 1/2. Upon using Eqs.(||), ( |l(i| ) and ( pTTj ) one ob- 
tains for T c (x) 7t c (x) and T c (x) 7t=o (x) the expression 

T c7Tc oc T c7T=0 oc (x - x u y^ s ' {z ^' - 1} . (12) 

For zqsi = 1 these quantities remain finite, as suggested 
by the experimental data shown in Figs.|| and [| More 
importantly, eliminating x — x u from the scaling forms 
(§), (§), @ and Q we obtain close to the 2D-QSI 
transition the novel scaling form 



T c cx n s (T = 0) cx 7 T C {x)~ ZQSI cx 7r fg 



ZQSI 



(13) 



where n s (T = 0, x) oc d s /\ 2 ab (T = 0, x) is the aerial su- 
perfluid number density. It relates the superconducting 
properties to the anisotropy parameters, fixing the di- 
mensionality of the system, for any zqsi- Since zqsi > 0, 
this leads to the conclusion that superconductivity in the 
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cuprates oxides is unalterably linked to a finite 7t=o, im- 
plying an anisotropic but 3D condensation mechanism. 

Finally we note that in the regime where thermal fluc- 
tuations dominate, T c ^t c is proportional to the number 

density ^|\&| 2 ^ of the pairs at T c . The complex order pa- 
rameter field '5 represents the wavefunction of the pairs 
of charge 2e. In the mean-field approximation, where 
^|*| 2 ^> = (|*|) 2 , this quantity vanishes for T>T C . Thus , 

the plot T c 7t c versus x, shown in Fig.|], also reveals the 
existence of pairs at and above T c , as well as a raise of 
their number density with decreasing dopant concentra- 
tion. 

In conclusion, we have shown that the scenario emerg- 
ing from the empirical doping dependence of T c , 7t c and 
7t=o is remarkably consistent with the scaling proper- 
ties resulting from a 3D critical line T c (x) , ending in 
the underdoped and overdoped limit. Here the doping 
tuned QSI and 3D-QSN transitions occur. Given the 
evidence for a 2D-QSI transition and the associated 3D- 
2D crossover, tuned by decreasingdopant concentration, 
we derived the scaling relation (|13[), relating the essen- 
tial characteristics of the superconducting phase to the 
anisotropy parameters, fixing the dimensionality of the 
system. It implies that for any finite value of the dy- 
namic critical exponent (zqsi) of the quantum super- 
conductor to insulator transition, a non vanishing tran- 
sition temperature and superfluid aerial superfluid den- 
sity (n s (T = 0, a;)) in the ground state, require a finite 
anisotropy. The important conclusion there is that a non 
vanishing superfluid density in the ground state of the 
cuprates oxides is unalterably linked to an anisotropic 
but 3D condensation mechanism. This finding clearly re- 
veals that two dimensional models cannot explain the oc- 
currence of superconductivity in the cuprates. They sin- 
gle out, however, theories that ascribe the phenomenon 
to interlayer coupling ]io|-|i3[]. 

The author is grateful to H. Keller, K.A. Muller and 
S. Roos for very useful comments and suggestions on the 
subject matter. 
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